Abstract. A group G is said to satisfy the minimal condition on normal subgroups of infinite index if there does not exist an infinite properly descending chain G 1 > G 2 > · · · of normal subgroups of infinite index in G. We characterize the structure of locally nilpotent groups satisfying this chain condition.
Introduction
A group G is said to satisfy the weak maximal condition on normal subgroups if there does not exist an infinite properly ascending chain of normal subgroups G 1 < G 2 < · · · such that |G i+1 : G i | = ∞ for each i. A group G is said to satisfy the weak minimal condition on normal subgroups if it has no infinite properly descending chain of normal subgroups G 1 > G 2 > · · · such that |G i : G i+1 | = ∞ for each i. In the late 1970s and early 1980s Kurdachenko considered groups satisfying the weak maximal or the weak minimal conditions on normal subgroups and their connection with each other and with other finiteness conditions, particularly within the class of locally nilpotent groups. Kurdachenko [1] proved that a torsion(torsion-free) locally nilpotent group satisfies the weak maximal condition on normal subgroups if and only if it is Chernikov (minimax respectively). In addition, in [2] he gave necessary and sufficient conditions for a locally nilpotent group to satisfy the weak minimal condition on normal subgroups.
A group is said to satisfy max-∞ (the maximal condition on infinite subgroups) if there is no infinite properly ascending chain of infinite subgroups. A group satisfying the conditions max-∞s (the maximal condition on infinite subnormal subgroups) or max-∞n (the maximal condition on infinite normal subgroups) can be defined similarly by imposing the conditions on infinite subnormal or infinite normal subgroups respectively. A group G is said to satisfy min-∞ (the minimal condition on subgroups of infinite index) if there does not exist an infinite properly descending chain of subgroups with infinite index in G. Again, we can define groups satisfying min-∞s (the minimal condition on subnormal subgroups of infinite index) or min-∞n (the minimal condition on normal subgroups of infinite index) analogously.
Groups satisfying max-∞ or min-∞ and the structure of solvable groups with max-∞s or min-∞s were investigated in [3, 4] . Also in [5] locally nilpotent groups satisfying max-∞n were considered. In this paper we focus on the structure of locally nilpotent groups satisfying min-∞n.
It is clear that if a group satisfies min-∞n then it satisfies the weak minimal condition on normal subgroups. The additive group of p-adic rationals Q p satisfies both the weak maximal and weak minimal conditions, but it satisfies neither max-∞ nor min-∞. Thus the condition min-∞n is stronger than the weak minimal condition on normal subgroups. A motivation for our study is to estimate the influence of the condition min-∞n on the subgroup lattice of the infinite normal subgroups.
Preliminary results
First we note two easy facts.
Lemma 2.1. Let G be a group with min-∞n. If N is a normal subgroup of G of infinite index, then N satisfies min-G (the minimal condition for G-invariant subgroups).

Lemma 2.2. The property min-∞n is quotient closed.
The following results are useful in classifying locally nilpotent groups with min-∞.
Lemma 2.3 ([3], Theorem 2.8). A polycyclic-by-finite group satisfies min-∞ if and only if it is infinite cyclic-by-finite.
Lemma 2.4 ([3], Theorem 3.2). An abelian group satisfies min-∞ if and only if either it satisfies min or it is infinite cyclic-by-finite.
Locally nilpotent groups with min-∞n
Note that the conditions min-n (the minimal condition on normal subgroups) and min (the minimal condition on subgroups) are the same property for locally nilpotent groups. We begin by describing nilpotent groups with min-∞n. Proof. Sufficiency has already been proved by Lemma 2.3. Suppose that G satisfies min-∞n, but not min. If G ab has min, then so does G, a contradiction. Thus G ab does not satisfy min, so G ab is infinite cyclic-by-finite by Lemma 2.4. Hence G ab is finitely generated and so is G. This implies that Z(G) contains an element g of infinite order. For otherwise Z(G) is finitely generated abelian torsion and so is finite, from which it follows that G is finite, a contradiction. Now g G since g ∈ Z(G). Note that G/ g is finite, for otherwise g satisfies min, which cannot be true. Therefore G/ g is finite and hence G has a central infinite cyclic subgroup of finite index.
We are now in position to characterize locally nilpotent groups satisfying min-∞n, but not min. 
G/M = xM is infinite cyclic; 2. M is a torsion group with min-G; 3. M/[M, x k ] is finite for all k > 0; 4. M lies in the hypercenter of G.
Proof. Let T be a torsion subgroup of G. Then G/T is torsion-free nilpotent with min-∞n (and so weak min-n). Hence G/T is nilpotent by the proof of Theorem 2 in [1] . Now since G/T is nilpotent with min∞n, but not min, it is central infinite cyclic-by-finite by Theorem 3.1 and so it is finite-by-infinite cyclic. Hence there is a maximal normal torsion subgroup M of G containing N such that G/M = xM is infinite cyclic and M/N is finite. Then M is torsion with min-G and lies in the hypercenter of G since G is hypercentral by Theorem 1 in [2] .
It remains to show that M/[M, x k ] is finite for all k > 0. We note that
We now consider the converse of Theorem 3.2. Proof. We first show that M contains every normal subgroup L of G with infinite index. Note that G is locally nilpotent. Since G/M is infinite cyclic, LM/M is either trivial or infinite cyclic. If LM/M is infinite cyclic, then LM/M = x k M and so x k a ∈ L for some k > 0, a ∈ M . Now x, a is finitely generated nilpotent, so its torsion subgroup T is finite and [T,
Now assume that G does not satisfy min-∞n and let G 1 > G 2 > · · · be an infinite descending chain of normal subgroups of G with infinite index. Then G i M for all i by the previous paragraph. Thus M does not satisfy min-G, a contradiction. Hence G satisfies min-∞n; it cannot satisfy min because G/M C ∞ .
We note that an example of a locally nilpotent group with min-∞n, but not min is furnished by Example 3.4 in [5] . 
